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LOCAL STATIONARY HEAT FIELDS IN
FIBROUS COMPOSITES

Abstract. Consider a multiply connected domain D bounded by non-
overlapping circles. Introduce the complex potential u(z) = Re ¢(z) in D
where the function ¢(z) is analytic in D except at infinity where ¢(z) ~ z.
The function u(z) models the distribution of temperature in the domain D.
The unknown function ¢(z) is continuously differentiable in the closures
of the considered domain. We solve approximately the modified Schwarz
problem when u(z) = Re ¢(z) is equal to an undetermined constant on
every boundary component of D by a method of functional equations.

1. Introduction

Fibrous composites are very effective reinforcement materials used in various
technical processes [1,7]. Their excellent thermal and elastic properties attract
interest of engineers. In the present paper, we discuss the stationary heat field in
fibrous composites. Consider a section perpendicular to unidirectional fibers as
a multiply connected domain D on the plane of variables 1 and 2. The axis x3
is parallel to fibers. The heat flux in three-dimensional material is decomposed

onto the linear combination of the transverse flux in the considered section and
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the longitudinal flux along fibers. The longitudinal thermal flux is modeled by
a one-dimensional simple flux independent in all the components of the fibrous
composite. The transverse distribution of temperature is modeled by a function
u(x1, x2) harmonic in D where it satisfies Laplace’s equation.

In the present paper, we apply the method of complex potentials to describe
the transverse heat flux in the considered composite following the books [8] and [3].
Though analytical approximate formulae were constructed in [3], they were used
to determine the effective properties of composites. The local fields were not
discussed in [8] and [3]. In the case of two disks the local fields were investigated in
[10] and the edges effects for the heat flux in [11]. We fill the gap of computation of
local fields, first, we modify the analytical formulae from [8] and [3]. Next, we apply
the modified formulae to construction of local fields. The paper essentially uses
symbolic-numerical algorithms developed in [4-6] to deduce the required formulae
and to construct the corresponding heat fields.

2. Method of functional equations

Let z = x1 + 1x2 denote a complex variable in the extended complex plane
C=Cu {o0}. Consider non-overlapping disks |z — ax| <r (k=1,2,...,n), and
the domain D, the complement of all the disks |z — ax| < r to C. The potentials
u(z) is harmonic in D except at infinity where u(z) ~ z; = Re z and continuously
differentiable in the closures of the considered domain. The singularity of u(z)
determine the external flux applied at infinity.

The distribution of temperature u(z) = u(x1, z2) is expressed through the real
part of the complex potential [3,8]:

u(z) =Re ¢(2),  zeD, (1)

where p(z) = u(z) + iv(z) is analytic in D except at infinity where p(z) ~ z,
and continuously differentiable in the closures of the considered domain. For
definiteness, we assume that the disks |z — ax| < r (k= 1,2,...,n) are filled by
a conductor with non-vanishing conductivity. It is worth noting that in this case
the function (z) is single-valued in the multiply connected domain D and does
not contain logarithmic terms [8]. It follows from the fact that the divergence of



Local stationary heat fields in fibrous composites 3

the normal flux through every boundary component vanishes

ou
/|z—ak|=7" %(z) ds = / - %(z) ds = [V]|.—ay=r =0, k=1,2,...,n. (2)

Here, 8% denotes the outward unit normal derivative 8% the tangent derivative to
|z — ax| = r, respectively, [v]|,_q, |=r the increment of the function v(z) along the
circle |z — ag| = r.

The gradient of u(z) is related to the heat flux [3] and can be calculated by

formula
_Ou  Ou

= %_Za_y’ (3)

¥(2)

where ¥(z) = ¢'(z) in the closure of D.
The perfect contact condition between the components is expressed by two real
relations

8uk - ou - -
8—1’1(2)78_11(2)7 |Z_ak|*r(k*172a“'7n)a (4)

ug(z) = u(z),

where the conductivity of matrix is normalized to unity and the conductivity of
inclusions is equal to A. Introduce the contrast parameter

A—1

0

Two real equations (4) are reduced to the R-linear complex condition [3]:

QO(Z):QOk(Z)—QQOk(Z)7 |Z_ak|:r(k:172a"'7n)a (6)

where @ (z) are analytic in |z — ax| < r, respectively, and continuously differen-
tiable in the closures of the considered disks. The harmonic and analytic functions
are related by the equalities

2
ug(z) = )\—HRe vr(2), |z —ak| <r. (7)
Consider Schottky group of inversions and their compositions with respect to
the circles |z —ax| =r, k =1,2,...,n (plus the identity element):
r2

ZEkk) Rl ar + g, ZEkklm...,km) = (Z?k2...7km_1))zlv (kjt1 # kj). (8)
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Exact solution of the considered problem for any |g| < 1 was found in the form of
the absolutely and uniformly convergent Poincaré type series [3, formula (2.3.100)]
up to an additive constant

(2) =240 ) 2G5yt D D 2kt D D D Fgrary T (9)

kl;ﬁk kl;ﬁk kQ;ﬁkl kl#k kz;ﬁkl k3¢k2

and

_Z+sz<k>+9 ZZWW@ ZZ > Fpaamy T (10)

k=1 k1#k k=1 k1#£k kaks

It is worth noting that our formulae (9)-(10) have simpler form than [3, formula
(2.3.100)] because the restriction |p| < 1 is supposed. The functions ¢ (z) and
©(z) in the limit case ¢ = 1 have more complicated structure, since it is represented
by a uniformly and not necessary absolutely convergent Poincaré type series [3].

Below, we consider this, the most difficult in computations, case. The relation
o = 1 means that inclusions are filled by a perfectly conducting materials when
A tends to infinity. Formally, the R-linear problem (6) does not hold in this case
and has to be written as the modified Dirichlet problem [3]:

ug(z) = ek, [z —akl=r (k=1,2,...,n), (11)

where ¢; are undetermined constants.

In the present paper, we do not consider the boundary value problem (11). We
use the limit ¢ — 1 in the final formulae for the local flux justified by uniform
convergence of the corresponding series for o < 1. Therefore, we may differentiate
the corresponding uniformly convergent Poincaré type series (9)-(10) term by term
and arrive at the uniformly convergent series

i _1+de k1)+922 Z (k2k1

k1#k k1#k kz#’ﬁ

d ——r
—1—932 Z Z %z(k3k2kl)+.”’ z€Dg (k=1,2,...,n) (12)

k1#k ko#ky ka#ko2
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ng_ n d
B =140y 2y +6° Y D -

k=1 k=1 ki £k

u d
+2> > > Tl T 2€D. (13)

k=1 k1 £k kastk:

It is worth noting that formula (13) is universal and takes place for o < 1.

3. Implementation of series for symbolic
computations

In the present section, we consider the series (13) for ¢ = 1. In this case, the
series represents the complex flux for perfectly conducting inclusions.

We consider a sample cluster of 20000 disks simulated via random walk of
disks initially placed in the regular array following the algorithm [9]. The disks
are uniformly distributed in a strip of size 5 x 0.1. The non-overlapping uniform
distribution of disks was generate in Python as list of complex numbers. Next,
this list was exported to Mathematica. The following code for further work in
Mathematica is presented below.

Nx = 20000;
nu=290.2;
roe = Sqrt[nu/ (Nx)]

Here, the parameter nu = 0.2 denotes the local concentration of disks in
a cluster, the radius of disks r0 = 0.00178412 is calculated based on nu = 0.2.
First, we select a small square sample of size 0.1 x 0.1, more precisely, the square
P={z=ux +ix2:—0.05 < 21,22 < 0.05}. This domain contains 433 disks.

We construct the following function Dd2 which return 0, if the point z ¢ P
and 1if z € P.

N1
Dd2[a_, z_, r_, N1_] := HI-F[Abs[z -a[m]]l <r,0,1]

m=1

Using (12) for ¢ = 1 we define the complex flux () (¢pSubblock) in the
considered disks.
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ypSubblock[1, k_, z_, r_, a_, N1_] := Module[{},

N1
frz] +r? 1 - KroneckerDelta[m, k]) ——
r;l ( ) (z-a[m])?
r.Z
Conjugate[f][ +a[m]]]]
Conjugate[z - a[m]]

gpSubblock[1, z_, r_, blockFraction_] := Module[{A1, N1, a},
neighbRadius = w2 blockFraction/Z H
Al = Select[A, Im[z] -w3 < Im[#] < Im[z] +w3 &];
N1 = Length[Al]; a[m_] := Al[m];
If [Dd2[a, z, r, N1] = O, O,

N1 1
flz] +r? Z ———— Conjugate [¢pSubblock[1, m,
m=1 (Z - a[m])z
r.2

+a[m], r, a, N1]]]]
Conjugate[z - a[m]]

Next, using (13) for p = 1 we define the complex flux (=) (¥pSubblock) in the
domain D. Here, the function ¢ returns values  and y as the real and imaginary
parts of the complex number z, an argument of the function ¥ (z).

c[z_] := {Ree#, Im@#} &@TpSubblock[1, z, ro]

A list of the center coordinates (z,y) is generated. The vector field is nested
between -0.05 and 0.05 for x and y values with the step 0.01. w3 is constant
parameters of value 0.05 and it correspond with size of subblocks. Function f is
base function, defined: f(z)=1.

data = Table[{{x, ¥}, c[x+1Yy]},
{x, -0.05, 0.05, .001},
{y, -0.05, 0.05, .001}];

We used a sample containing 433 disks for simulation of a random fibrous
composite. A numerical approximate solution is computed and the temperature
flux around the disks is constructed and displayed. The almost linear flux far away
from disks is perturbed around the disks and tends to concentrate at the disks
boundaries. This result can be applied in technology processes of heating to study
the flux around random objects. We are going in future to compute the flux near
all the 20000 random disks to get more precise results and to analyse the factors
which may affect the flux distribution.
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Fig. 1. The heat flux in the generated composite

Conclusion

In the present paper, we use the method of complex potentials and functional
equations to determine the stationary heat flux in the fibrous composite using the
uniformly and not necessary absolutely convergent Poincaré type series derived
in [3] and [8]. The analytical approximate formulae from [8] and [3] are modified
in order to construct the local heat flux in the considered composite. The random
walk simulation are used in Python to generate a random structure. Next, the
result is exported to Mathematica where the corresponding symbolic-numerical
computations are performed and the corresponding heat flux is displayed as a vec-
tor field.
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