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Abstract. The paper is devoted to the considerations on determinants of the block
arrowhead matrices. At first we discuss, in the wide technical aspect, the motivation
of undertaking these investigations. Next we present the main theorem concerning the
formulas describing the determinants of the block arrowhead matrices. We discuss also
the application of these formulas by analyzing many specific examples. At the end of
the paper we make an attempt to test the obtained formulas for the determinants of
the block arrowhead matrices, but in case of replacing the standard inverses of the
matrices by the Drazin inverses.
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1. Technical introduction — motivation for discussion

Observing the mathematical models, formulated for describing various dynami-
cal systems used in the present engineering, one can notice that in many of them
the block arrowhead matrices occur. One can find such matrices in the models of
telecommunication systems [10], in robotics [18], in electrotechnics [17] and in auto-
matic control [21]. In robotics, while modelling the dynamics of the kinematic chains
of robots, or in electrotechnical problems, while modelling the electromechanical con-
verters, there is often a need to formulate some equations in the coordinate systems
different the ones in which the original model was formulated. Especially in the theory
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of electromechanical converters one applies very widely the possibility of transform-
ing the mathematical models of the electromechanical converters form the natural
coordinate systems into the biaxial coordinate systems. The main goal of these trans-
formations is to eliminate the time dependence occurring in the coefficients of mutual
inductances, to increase the number of zero elements occurring in the matrices of
the appropriate mathematical model and, in consequence, to simplify this model and
to shorten the time needed for its solution. The forms of matrices transforming the
variables, occurring in the electromechanical converters, from the natural coordinate
systems into the biaxial coordinate systems can be deduced on the way of physical
reasoning. These matrices can be also found by using the methods of determining
the eigenvalues. Formulated matrices are applied, among others in the Park, Clark
and Stanley transformations [12, 9]. Elements of the transformation matrices contain
the eigenvalues of matrices of the electromechanical converter inductance coefficients.
These matrices can have, for example, the following forms [7]:

5 cos W41 coSVgg cOS Vg3
KS = — S' 7.95 S' 7.95 Si 195
[]\/gnllulzbnlg, (1)
V2 V2 V2
[1 cosa, cos2q,. ... cos(@,—1)a,
0 —sinq, —sin2aq, ... —sin(Q, — 1a,
5 1 cos2a, cosda, ... cos2(Q,—1)a,
(K] o, 0 —sin2q, —sinda, ... —sin2(Q, — )ay | (2)
11 11 1
L V2 V2 V2 V2 V2 J
where
b=t + [ Lt (3)
t
2w
1952 = 19520 + Qw dt = 19.910 + ? + Qw dt, (4)
Vo3 = 19530+/Q dt = 510+ /Q dt, (5)

whereas ¥510, Y520, U530 denote the initial angles between the axes of respective phases
of the stator and axis X of the biaxial system XY for moment of time ¢ = 0; p means
the number of pole pairs, a,. denotes the rotor bar pitch and (2, describes the angular
velocity of rotation of the biaxial system XY around the stator.

Matrix of the mutual and self inductance coefficients written in the natural coor-
dinate system, that is in the phase system, possesses the block structure — it is the
full matrix of the form

(6)

M — {MSS MST‘}

MZI M,,

Particular forms of matrices, of this type can be found, for example, in [7].
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Method of transforming the matrix (6) of inductance coefficients into the new
coordinate system XY by using the transformation matrices (1) and (2) is as follows

[MEY] = (K] M) K] (7)
[MXY] = [K,) (M, [KT 8)
[MXY] = K, [M,,] [K.]" . (9)

By merging the obtained results we get the block arrowhead matrix [8], also in the
form presented in paper [17].

Matrices (1) and (2) are often used for constructing the systems for regulating
the electromechanical converters, such as the various versions of the vector control
methods for the squirrel cage induction motors [13, 19]. Thus, there is a need for de-
veloping the effective methods of calculating the determinants of the block arrowhead
matrices. Only to this issue the second part of this paper (see [17]) will be devoted.

2. The block arrowhead matrices

We use the following notation in this paper:

0 denotes the zero matrix of the respective size (of dimensions m x n),
1 denotes the identity matrix of the respective order (of order n).

We present now the main result of this paper concerning the form of determinants
of the block arrowhead matrices. In Section 3 we examine few examples illustrating
the application of the obtained relations.

Theorem 2.1.

1. Let us consider the block matriz My = Aaxa Baxp
Cvxa Dpxp
hold:

(a) If det D # 0, then det My = det D det(A — BD~1C).

(b) If det A+ 0, then det My = det Adet(D — CA™1B).
In Remark 2.2, after the proof of the above theorem, we discuss the omitted
situation when det A = det D = 0 and a # b.

Aaxa Baxb Ea><c
2. Let us consider the block matrix Ms = | Cyxa Dixp Obxe |. The following impli-
Fc><a ®c><b chc

} The following implications

cations hold

(a) If det A+ 0 and det(D — CA~1B) # 0, then

det M3z = det Adet(D — CA™'B)det(G — FA™'E —
~FA™'B(D - CA™'B)"'CA™'E). (10)
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We note that if also det D # 0, then for the inverse of D — C A~ B the following
Banachiewicz formula (see [1]), also called the Sherman-Morrison- Woodbury
(SMW) formula (for some more historical information see [22, subchapter 0.8]),
could be applied (see also S. Jose, K. C. Sivakumar, Moore-Penrose inverse of
perturbated operators on Hilbert Spaces, 119-131, in [2]):

(D-CcA'B)y"'=D '+ D 'C(A-BD'C)"'BD™ .

The matric A — BD~'C is of order a x a and the above formula is useful in
situations when a is much smaller than b and in all other situations when certain
structural properties of D are much more simple than of D — CA™'B.

(b) Ifdet D # 0 and det G # 0, then

det M3 = det D det Gdet(A — BD™'C — EG™'F). (11)

(¢) If either rank [g + rank {

b+c—1, then det M35 = 0.
(d) IfdetG #0, det(A — EG™1F) # 0 and D = 0, then

E
G

] <b+4+c—1 orrank[CD} —|—rank[FG] <
det M3 = det G det(A — EG™'F)det(—C(A — EG™'F)"'B). (12)

In the sequel, if blocks B and C of M3 are the square matrices (that is a = b)
and D = 0, then

det M3 = (—1)*det Gdet Bdet C. (13)
At last, if
A—EG 'FB A—EG'F
rank[ C 0] :rank[ C ] —l—rank[B]

= rank [C} + rank [A—EG_lF B] <a+b,

then det M3 = 0.

3. The determinant of the following arrowhead matrixz

(A11)byxbr (A12)b1xbs (A13)by xbs -+ - (A1n)by xbn,

(A21)byxbr (A22)baxbs Obaxbs -+ Obyxbn
M, = | (As)bsxby  Obsxb,  (As3)bgxbs -~ Obgxp, (14)
(Anljbnxbl 06, b5 Ob, xbs -+ (Ann)bn xby.
is equal to
(a) . .
det M,, = det (Au -3 AliAﬁlAi1> [T det A5, (15)
i=2 j=2

whenever det Ay #0 fori=2,3,...,n,
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) )
det Mn = (—1)bi det Ail det Ali Hdet Ajj, (16)
=2
i
whenever there exists i € {2,3,...,n} such that A; = 0 and b; = by.

4. The determinant of arrowhead matriz (14) is equal to

n i—1 1
det Mn = det All H det (A“ - Ail (All - Z Ale;lejl) A1i>, (17)
=2 Jj=2

i—1
whenever det A;; # 0 for eachj =1,2,...,n—1 and det (All— > Alej_lejl) #0
=2

for each i =3,4,...,n—1. In case of i = 2 we take
i—2
ZAlej_lejl =0.
=2
Proof.

1(a). Let us consider the case when D is the non-singular matrix. Then we have
the following decomposition

M2 _ Aa><a Ba><b _ I]-axa ®a><b Aa><a Ba><b
Cbxa Doxp Obxa Doxs | | (D71 C)pxa Loxs |
Aaxa Ba><b

Thus we get det My = det D det {(ch)bxa Looh

] . Next we can write

Aaxa Baxb _ ]]-a><a Ba><b (A - BD_lc)aXa Oaxb
(D7 C)oxa Loxs Obxa Lpxop (D7'Coxa  Loxs

from which we obtain
det My = det D det(A — BD™'C).

1(b). Let us now assume that A is the non-singular matrix. Then the following
equality holds true

]]-a><a (Da><b Aa><a Ba><b _ Aa><a Ba><b
(—CA Yyxa Loxy | | Coxa Doxp Obxa (D —CA™'B)pxs |’

Since

]]-a><a Oaxb
det -1,
¢ |:(_CA_1)b><a ]lbxb:|
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thus we receive

Aa><a Ba><b _ Aaxa Baxb _ _ -1
det |:Cb><a Dbxb] = det |:®b><a (D~ CA1B)yy | = det Adet(D — CA™"B).

2(a). Let det A # 0 and det(D — CA~!B) # 0. Then we get the decomposition

I]-axa ®a><b ®a><c Aa><a Ba><b Eaxc
—OAb_Xla Toxb Opxe Cb><a Dyxp Opxe | =
Uc><a ‘/c><b 1]-c><c Fc><a ®c><b CTVc><c

Aaxa Baxb Eaxc
= | Opxa (D —CA By (~CAE)pye |,
®c><a ®c><b WCXC

where

U:=-VCA ' —FA™ L,
V:=FA'B(D-CA'B)™,
W:=G+UE=G-FA'E-VCA'E,
which implies formula (10).

2(b). Now let det D # 0 i det G # 0. Then we get the decomposition

Aa><a Ba><b Eaxc I]-axa ®a><b ®a><c
Chxa Dix Opxe | | (=D 'Coxa Loxs Obxe | =
Fc><a chb C;1c><c (_G_lF)ch (Dc><b ]]-cxc

(A - BDilc - EGilF)aXa BaXb EaXC

= Obxa Dysp Opxe |
(Dc><a ®c><b Gc><c

which implies formula (11).
2(c). It is a folklore.
2(d). The following decomposition can be easily verified

ABE 1 00 A—EG'FBE
cCo00 0 10|= C 00
FOG| |-G 'FO1 0 0G

_ ol
Hence we obtain det M3 = det G det [A ECG Fg
follows from 1(b).
If blocks B and C of M3 are the square matrices (that is a = b) and D = 0 then

we obtain the decomposition given below

]. Now the formula (12)

100 ABE 100 AEB
001 coo 001 =|FGDO|,
010 FOoG 010 co0o0

which implies formula (13).
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3(a). Now let the matrices A;;, for i = 2,3,...,n, be non-singular. Then we get

the following decomposition

A1 Ap Az ... Aqy, 1 00...
Aoy Agp O 0 —Ayt Ay 10 ...
Az; 0 Azz... 0 ~Azl A3 01 ...
A — Y AR A A Ag Ars ... Ay,
i=2
0 Asr O 0
= 0 0 Az3... O
i 0 0 0 ... A

implying formula (15).

S O

3(b). Now let A;; = 0 for some i € {2,3,...,n} and let b; = b;. We obtain the
following decomposition (where on the left hand side of the equality sign we have

the product of four matrices):

2

[ Ob, xby, Ly, xb; 1 T O, xb; Ly, x by, ]
Lpy x by Loy xby
Lpsxby Loy xby
X
i| Ly, xb, Ob,, x b; Lo, xb;
L Lpy xby d LLpy xby 0y xby,
i
[A11 A12 A1z ... Ain—1 Ain ] [ Loy xe i
A1 Az 0 0 0 Loy xbo
Az1 0 Assz ... 0 0 Ly x by
x| -
A1 O 0 0 i Op, xb, Lb, xb;
LAn1 O O 0 Annl LOp, xp, Lb,, xb, Oby, xb;
rA;1 0 0O 0 0 7
Ao1 Ao O O 0
Az1r 0 Azz O 0
An1 00 Ann 0
L A1 A12 A1z ... A1 p—1 ... Ay ]
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from which we receive

det Mn = adet Ail det Ali H det Ajj,

Jj=2
JAi
where
i i n n n n—1
brn > be+bi 3 by by Y bp+bn 3 by b 3 br+bi > by
o = (_1) k=2 k=2 . (_1) k=2 k=2 . (_1) k=i k=i =

= ()& B P BT ey

4. Let X denote the block matrix given below
1 0

X — | Xs1 Xo2 1

Xn1 X2 Xps ... 1
where
i-1 -1
—An (All - > A1kA;ZklAk1> , 1>75=1,
Xij = i—kl:z -1
A (All — Z AlkA];klAkl) Alej_jl, 1>75>1.
k=2
Since this is the lower triangular matrix, therefore its determinant is equal to
det X = (det 1) = 1.
Hence, of we introduce the notation Y = X M,,, then the quality holds true
det M,, = det X det M,, = det(X M,,) = det Y.
Let us find matrix Y. If condition ¢ = j = 1 is fulfilled, then we get
Y11 = 1A = An.
Next, if i = j > 1, then we obtain

i1 -1
Yii=—-An <A11 - Z AlkAIZ]jAM) Ay + A =
k=2

i—1 -1
=A; — A <A11 - ZAlkA;;klAM) Ay

k=2
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In turn, if 4 > j = 1, then we have

i1 B
Yin=—Aa (An - Z A1kA;ZklAk1) 11411 +
k=2
i1 i1 B
+ Z An (Au - Z AlkA;ZklAkl) 1A11Al_llz411 + A =
=2 k=2

i1 B i1
=—-An (Au - I;AlkA;klAm) 1(1411 - ;AllAﬁlAu) +A; =0.

And finally, for ¢ > j > 1 we obtain

i1 .
Yij = —An (An - ZAlkA;ZklAkl) Ay +
P
i1 .
+ Ai (An — Z AmA,ZklAm) A A A =
=2

i—1 _ i—1 _
=—-Aa (All_kz_zAlkA]:klAkl) 1A1j +An (Au —]; AlkA;ZklAkl) 1A1j =0,

from which we conclude that matrix Y is the upper triangular matrix. It means
that its determinant is equal to

n 1—1 1
detY = det A11 H det <A” — Ail (All — Z AlkA]:klAkl) Ah) s
i=2 k=2

which leads directly, in view of the previous equalities, to formula (17).

Remark 2.2. If
det A=det D =0 and a # b, (18)

and despite of this det My # 0, then we propose to change the decomposition of
matrix My into blocks so that the “new” matrices A and D would satisfy relations
det A # 0 or det D # 0.
Let us only notice that in case of fulfilling conditions (18), if A = 0 and D = 0,
then
rank My = rank C' 4 rank D < 2min{a,b} < a + b,

that is det My = 0.

Hence, if A # 0, then, in the worst case, after the possible permutation of the
respective rows and columns (or only the rows, or only the columns), one can get that
a1 # 0 and take A = [a11].
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111
For example, let My = | 1 1{0 | . The new decomposition into blocks
100
111
1110
1100

solves this problem.
Let us consider additionally the following example:

00001
211312

My

31114, detM,=2.
10[215
10[000

Let us notice that in this example for any decomposition into blocks we always have
det A = det D = 0. Thus, for the non-singularity of blocks A or D we need to permu-
tate the rows (or the columns, alternatively). In the considered case, by replacing the

first and third rows we receive
31114

211312

00001
10]1215
10[000

Then the new block A is non-singular, thus, by applying item 1(b) from the above
theorem, we can calculate the determinant of matrix My (by keeping in mind that
the permutation of rows causes the change of sign of the determinant).

3. Examples

Example 3.1. Example of a symmetric non-singular matrix, to which one cannot
apply any of formulas (10), (11), (15) and (17):

1 1121
10
00
00]”
10
01

=)

1

By

det B1 = 20.

— N = = O =
Or—lr—t'

o o~ ||
O Ol R~

Formulas (11), (15), (17) cannot be used because matrix Bj contains the singular

block H ! . Moreover, one cannot apply formula (10) because matrix

1
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D-CA'B= [} ” - [1 _11} {—11 ” - [_11 —11]

is singular.

Example 3.2. Example of a singular matrix, to which one can apply formulas (10),
(11), (15), (17):

20/10/10
02/01101
10/10]00
010100’
10/00|10
01j00j01

BQ det B2 =0.

Example 3.3. Example of a non-singular matrix, to which one can apply formulas
(10), (11), (15), (17):

30/10]10
03]01|01
10{10/00
01{01[00 |~
10{00j10
01)00/01

B3 det B3 =1.

Example 3.4. Example of a matrix with non-diagonal blocks, to which one can apply
formulas (10), (11), (15), (17):

12(27(12

25/14|34

21]13]00

B4— 74138l00| detB4——14.

13|00]2 1

24/00]1 3
Example 3.5. Example of the class of matrices, to which one can apply formula
(17):

A Az Aiz oo Arg

Agl A22 0O ... 0

A31 0 Agg ... 0 ,

Ay 0 0 ... Ay,
where

e Aj; is the diagonal matrix of dimensions m x m of positive elements,

o Ay, for k = 2,3,...,n — 1, are the diagonal matrices of dimensions m x m of
negative elements,

o Ay, for k=2,3,...,n, are any diagonal matrices of dimensions m x m of non-zero
elements,

o Ay = A
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Thus in formula

n i1 -1
det Ayy [ ] det | Aii — An <A11 -3 AlkAk,jAM) Ay

i=2 k=2
we have as follows

o Ay, for K = 2,...,n — 1, are non-singular since they are diagonal of negative
elements,

i—1 i—1
o A — > AlkA,;klAkl = A — >, A%kA,;kl, for i = 2,3,...,n, are the diagonal
k=2 k=2
matrices of positive elements, therefore they are non-singular.

Remark 3.6. Analogically one can take the diagonal matrix of negative elements as
A1 and the diagonal matrices of positive elements as Ag, for k =2,3,...,n — 1.

Example 3.7. Example of a matrix with rectangular blocks, to which one can apply
formulas (10), (11), (15) and (17):

10(11123
0111411
1111000
B5— 140100/ detB5—312
2110020
31]0j003

Remark 3.8. Let us consider the following arrowhead matrix of dimensions n x n of
complex elements

a11 @12 A13 ... Ain
a21 @22
_la a 0
An = 31 33 ,
anl 0 Qpn

where symbol 0 means that all the other respective elements of matrix A, are equal
to zero. One can show inductively that the determinant of matrix A,, is expressed by

formula n n n
det An = H Qi; — Z a1;a41 H Qjj, (19)

i=1 i=2 j=2

J#i
n n 0 forn=1,

where we define Z a1;a;i1 H aj5 =
i= J;? aigaoe; forn =2.
J7F1

One can easily notice that the formula (19) is analogue to formula (15) for the non-
block arrowhead matrices, however, what should be especially emphasized, it does not
require the assumption about non-zero elements a;; for i =2,3,...,n.
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Example 3.9. Let us consider the determinant of matrix

1 -1 1 1j2121]

-1 1 0 0[1000

1 0 1 00010

1 0 0 13002
M=1=5"9 0 o000
—-17 -2 —-153/0100

6 0 9 00010

-4 —21 0 1j0001 |

We denote the blocks of matrix M in the following way

1 —-111 2121 5 9 00
-1100 1000 —17 -2 -153

_ — — 2
A= 1 010 B= 0010’0_ 6 0 9 0
1 001 3002 -4 -2 0 1

, D=

1000
0100
0010
0001

The determinant of matrix M can be calculated by using Theorem 2.1 from item 1

(a) since det D = 1 # 0. Thus we get

det M = det D det(A — BD'C) = det(A — BO).

We calculate the determinant of matrix

(1 -111] [2121] 5 9 00
_|-1100 1000 -17 -2 -153
A=BC=1"1 9 10| |ooto| | 6 0 90
|1 001] |[3002] | —-4-%Z 0 1

(1 —111] [1234] 0 -3-2-3
_|-1100 5900 _|-6-80 0
|1 010 6090 -50 -80

|1 001|] |[7002] -6 0 0 -1

Let us observe that matrix A— BC is the arrowhead matrix, therefore its determinant

can be easily calculated by using formula (19). We obtain

0 -3-2-3
—-6-80 0
det M = det(A — BC) = det 50 -80 |~

-6 0 0 -1

=0—(18-8+10-8+18-64) = —1376.
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4. Tests with the inverse matrices in the Drazin sense

The Drazin inverse of matrix A € C"*™ is defined to be the unique matrix A% €
C"*™ such that

1. AdAAd = A9,
9. AAL = AdA,
3. AdAmHL = Am.

where m = ind(A), which means the index of A4, i.e. the smallest nonnegative integer
m for which rank(A™) = rank(A™*1).

We want to try to compare the influence of using the Drazin inverse matrix in
formula (17) on the value of determinant in case of matrices not satisfying the as-
sumptions of Theorem 2.1.4.

Example 4.1. Example of a singular matrix, in case of which the application of the
Drazin invertible matrices leads to the incorrect result

20{1010
0101|101
101100
01{1 100 |’
10[00]10
01)00/01

BG det Bﬁ =0.

If we want to use formula (17), we have to invert matrix Ags = [} ﬂ . Applying the

11
Drazin inverse matrix we obtain A%, = [ i1 ] (we used here the respective algorithm

i1
for finding A? given in [5, chapter 1.4.4, page 54]). Substituting this matrix into the

formula in place of A5, we get det Bg = 2, so the result is incorrect.

Example 4.2. Example of a singular matrix, to which formula (17) cannot be applied,
but when we use in the singular place the Drazin inverse matrix, we have the correct

result
20[(10[10

0101|101
10{10(00
01{01[00 |~
10{00j10
01)00/01

By det B; = 0.

In this case the singularity results from the form of the discussed formula. So we have

B 10
B = Ay — Ap Ay AT, = [

0 0]. Calculating the Drazin inverse matrix we receive

00
we obtain the correct result.

Bd = [1 0] and next, by using it in the formula in place of (A;; — AjA5, AT,) ™!
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Remark 4.3. In Example 4.1 the singularity occurs in the form of a singular block.
In this case as well, the application of the Drazin inverse matrix leads to the incorrect
result. In Example 4.2 the singularity results from the singularity of “a part of the
formula”, that is A1 — A12A2_21A{2, and in this case the application of the Drazin
inverse matrix gives the correct result. Some further discussion, especially the theo-
retical one, with the use of the Drazin matrices, we decided to perform in a separate

paper.

Special supplement

After receiving the review of this paper we have discovered two more publications
and we decided to include them into the references, because we find them as essentially
connected with the investigated subject matter and really deserving to be noticed.

The first paper, by V. Katsnelson [6], concerns the application and, simultaneously,
the additional interpretation of the Herbert’s Stahl Theorem. In this paper, from
among many technical masterpieces, one can find a polynomial of two variables, called
as the polynomial pencil, being the characteristic polynomial of some explicitly given
arrow matrix (called by the Author as the matrix pencil).

The second paper, written by N. Stojkovi¢ and P. Stanimirovic [15], refers to the
block matrices discussed also in our paper. Form of the determinants of the respective
block matrices is derived in this paper on the basis of the determined characteristic
polynomials of these matrices.

Bibliography

1. Banachiewicz T.: Zur Berechnung der Determinanten, wie auch der Inversem, und zur darauf
basierten Auflésung der Systeme linearer Gleichungen. Acta Astronomica, Série C 3 (1937),
41-67.

2. Bapat R.B., Kirkland S.J., Prasad K.M., Puntanen S.: Combinatorial Matriz Theory and Gen-
eralized Inverses of Matrices. Springer, New Delhi 2013.

3. Campbell S.L., Meyer C.D.: Generalized Inverses of Linear Transformations. SIAM, 2009.

4. Giiltekin 1., Deveci O.: On the arrowhead- Fibonacci numbers. Open Math. 14 (2016), 1104-1113.

5. Kaczorek T.: Vectors and Matrices in Automation and Electrical Engineering. WN'T, Warsaw
1998 (in Polish).

6. Katsnelson V.: On the roots of a hyperbolic polynomial pencil. Arnold Math. J. 2 (2016), 439-448.

7. Kluszczyniski K., Miksiewicz R.: Modeling of the 3-phase inductive machines by taking into
account the higher spatial harmonics of the flow. Zeszyty Nauk. Pol. Sl Elektryka 142 (1995),
1-210 (in Polish).

8. Kochan A., Trawinski T.: Simulation research on hybrid electromechanical device — BLDC mo-
tor, torsion torque generator — for torsional vibration spectrum identification of drive systems.
Przeglad Elektrotechniczny 90, no. 7 (2014), 60-64.

9. Krause P.C.: Analysis of Electric Machinery. Series in electrical engineering, Power & Energy,
McGraw-Hill, 1986.

10. Kung H.T., Suter B.W.: A Hub Matriz Theory and Applications to Wireless Communications.
EURASIP Journal on Advances in Signal Processing 2007 (2007), ID 13659.

11. Malik S.B., Thome N.: On a new generalized inverse for matrices of an arbitrary index. Appl.
Math. Comp. 226 (2014), 575-580.



88

E. Hetmaniok, M. Rézanski, D. Stota, M. Szweda, T. Trawinski and R. Witula

12.

13.

14.

15.

16.
17.

18.

19.
20.
21.

22.

Paszek W.: Transient states of electrical machines for alternating current. WNT, Warsaw 1986
(in Polish).

Ronkowski M.: Circuit-oriented models of electrical machines for simulation of converter sys-
tems. Zeszyty Nauk. Pol. Gdanskiej 523 (1995).

Stota D., Trawinski T., Witula R.: Inversion of dynamic matrices of HDD head positioning
system. Appl. Math. Modelling 35 (2011), 1497-1505.

Stojkovié N.V., Stanimirovic P.S.: Inverse and characteristic polynomial of extended triangular
matriz. Univ. Beograd. Publ. Elektrotehn. Fak. 11 (2000), 71-78.

Stratonowicz R.L.: Information Theory. Soviet Radio Publ., Moscow 1975 (in Russian).
Trawinski T., Bartel S., Szczygiet M., Stota D., Witula R.: A chosen form of a block matriz in
a mathematical model of the induction squirrel-cage motors. In: Selected Problems on Experi-
mental Mathematics, R. Witula, B. Bajorska-Harapinska, E. Hetmaniok, D. Stota, T. Trawinski
(eds.). Wyd. Pol. S1., Gliwice 2017, 61-71.

Trawinski T., Kotton W., Hetmaniok E., Stota D., Wituta R.: Examination of chaos occurring
in selected branched kinematic chains of robot manipulators. In: Analysis and simulation of
electrical and computer systems, L. Golgbiowski, D. Mazur (eds.). Springer, Berlin 2015, Lecture
Notes in Electrical Engineering 324 (2015), 109-126.

Vas P.: Vector control of AC machines. Clarendon Press, Oxford 1990.

Warmus M.: Generalized Inverses of Matrices. PWN, Warsaw 1972 (in Polish).

Youngjin Ch.: New form of block matriz inversion. In: 2009 IEEE/ASME International Confer-
ence on Advanced Intelligent Mechatronics Suntec Convention and Exhibition Center Singapore,
Singapore 2009.

Zhang F.: The Schur Complement and Its Applications. Springer, Berlin 2005.



