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Monomial groups

Recall some well known definitions and facts about Finitary monomial group
classical monomial groups [W. Specht (1933), W.K. \[/)Viag"”ha' ”TS

. reath product repr.
Turkin (1935), O.Ore (1942)]. Conjugation in Mon(G, t

Let G be a group, n € N, and let x1, x2, ..., x,, be

variables.
A monomial permutation (substitution) over G of
variables xi, xo, ..., X, is a transformation of the type

X1 X2 ce Xn
u = 5
g1X,'1 g2Xf2 v an,'n

Where(;l 12 7>€5n3ndg17g27--~7gn66-
1 B oco n
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X1 X2 L. Xn Monomial groups
|f vV = then Finitary monomial group
hl){ll h2)<,/2 Tt hann Diagonal limits
Wreath product repr.
X1 X2 . 5% Conjugation in Mon(G, t
= firex; hpxi fiex; (1)
81N Xiy - 82Np Xy, -+ &nljy Xy,

The inverse of u is

gt inl Xjf e Xin
= 7 Z & .
81 X1 8 X2 ... 8 Xn

@ The set Mon(G, n) of all monomial permutations
over G of variables x1, x2, ..., x, with multiplication
defined in (1) forms a group which is called the
complete monomial group of degree n over G.



Monomial groups

The group Mon(G, n) contains two subgroups:

1. The subgroup of transformations of the form
X1 X2 ... Xp
eXp &Xj, ... €Xj, ’
which is isomorphic to S,

2. The subgroup D(G, n) of translations

81X1 82X2 ... 8nXn

( ! 2 " > ) 81,82,--,8n € G7

which is isomorphic to G x G x ... x G (with n

factors).
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Thus we obtain

Monomial groups

~ Finitary monomial group
MOI‘I(G, n) = G5, (2) Diagonal limits

Wreath product repr.

The wreath product (2) is nowadays the most commonly Conjugation in Mon(G, t
used definition for the group of monomial permutations.

Yet another definition arises from the monomial matrix
representation:

g1 500 —i

X1 X2 c Xn L
—_— .
81Xy, &Xj ...  8&nXi, «-- &n —In

& ... —ip

Mon(G, n) is isomorphic to the subgroup of monomial
matrices in GL(n, ZG).
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The two particular constructions of Mon(G, n) are often Monomial groups

Finitary monomial group

used:

Diagonal limits
1. G = Ci - the group of roots from 1 of degree k. Wreath product repr.
The group Mon(Cy, n) = C, 1 S, is often called the S
Frobenius monomial group.
2. k = 2. In this case the monomial permutations can
be represented as

X1 X2 0oo Xn

+x1 Etx ... Ex, )
The group Mon(Cy, n) = Gy S, is called the group
of signed permutations or the hyperoctahedral group

(it is the group of symmetries of the n-dimensional
cube).



Finitary monomial group

A finitary monomial matrix over group G is an infinitely
dimensional matrix of the type

where A € Mon(G, n) for certain n € N.

All finitary monomial matrices over G form a group which

is called the finitary monomial group and denoted by

Mon(G,Rg). The group Mon(G,Xy) is the direct limit of

the sequence (Mon(G, n)), n € N, with the natural
embedding Mon(G, n) — Mon(G,n+ 1)

A0
A= (5 1)
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Monomial groups
Finitary monomial group

Diagonal limits

In terms of Wreat.h product the finitary monomial group et ot venr
may be characterized as follows: Conjugation in Mon(G, t

Mon(G,Rg) = GIFS,.,

where ? denotes the bounded wreath product and FS. is
the finitary symmetric group of a countable set.

The finitary monomial group is the minimal infinite
generalization of the complete monomial permutation
groups. Other ones have been investigated by R. Crouch
(1955), C.V. Holmes (1960,1961) and others.



Diagonal limits of monomial groups

In the theory of C*-algebras a well known embedding of
matrix algebras is the so called the diagonal embedding.

Let k,/ € N and | = m - k.
The embedding dp, : Mk(R) — M,(R) defined as

A 0

0 A

is called (strictly) diagonal embedding.
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Monomial groups

Let k = (ky, ko, ...) be an infinite divisible sequence of

Finitary monomial group

positive integers, i.e. Diagonal limits
Wreath product repr.
kl+1 =m; - kf7 mj [= N for I — ]_’ 2’ . Conjugation in Mon(G, t

We define the k - direct spectrum of monomial groups
over G as (Mon(G, ki), dm,).

Let Mon(G, k) = lim(Mon(G, k;), dn,)-

The group Mon(G, k) is called the k - diagonal limit
monomial group over G.

Question: Classify Mon(G, R), k - divisible sequences, up
to isomorphism.
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Monomial groups

A supernatural number is a formal product [] pi*’, where - :
5 Finitary monomial group

Diagonal limits

1
p1, P2, ... is the sequence of all primes and o; € N U {o0}.
Wreath product repr.

Conjugation in Mon(G, t
o Divisibility: []p/|[1p;" < «ai<pi, n<oo.
i i
@ The partially ordered set SN of all supernatural
numbers is a lattice. For u =[] p{" and v =[] p;”
i i

we have:
uVvv= H plfnax(aiﬁi)

]

W = H plf"""(aiyﬁi)
i
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Monomial groups

Finitary monomial group
@ The lattice SN of supernatural numbers is a Diagonal limits

5 a 5 o W h d .
complete distributive lattice. S
Conjugation in Mon(G, t

o Every divisible sequence k = (ki ko, ...) defines a
unique supernatural number

N ko ks
o= (2. () ..
Examples:

o if k=(1,2,22,23 ) then ch(k) = 2°°;
o if k =(2,6,12,36,72,...) then ch(k) = 2°° - 3°°;
o if k= (2,4,24,72, ...) then ch(k) = 22 -3,
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Monomial groups

Finitary monomial group

Let D be the set of all divisible sequences. The answer to  pi,zonal fimits
the classification question is standard: Wreath product repr.

Conjugation in Mon(G, t
Th 1 For every divisible sequences k,k' € D and a group
G, the monomial groups Mon(G, k) and Mon(G, k') are
isomorphic iff ch(k) is equal to ch(k’):

Mon(G, k) = Mon(G, k') < ch(k) = ch(K).
Thus we use the notation: Mon(G, n), n € SN.

This way we construct a continual family of pairwise
non-isomorphic infinitely dimensional d-monomial groups.
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Monomial groups

We define the diagonal embedding d, of the symmetric e e s

group S, into the symmetric group S, as follows. Biyied s

Wreath product repr.
Permutation d,«, a € Sp,, acts on the set {1,2, ..., nr} Conjugation in Mon(G, ¢

according to the rule:
(mn+/)d’°‘—mn+i°‘, 0<m<r—-1,1<i<n.

For every divisible sequence k = (kq, ka, ...),
kit+1 : ki = ri, we define the direct spectrum (S, d;.)ien.

The limiting group of this spectrum is called a

k- homogeneous symmetric group. Similarly a k-
homogeneous alternating group can be defined. We
denote these limits as S(k) and A(k).



Wreath product representation

Since
S(k) = S(K') (A(k) = A(K)) < ch(k)= ch(kK)
then we may use the notation: S(n), A(n), for n € SN.

The groups S(n) and A(n) for an arbitrary n € SN can be
interpreted in a natural way as subgroups of S...
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Monomial groups

Finitary monomial group

Diagonal limits

Wreath product repr.
Th 2 Conjugation in Mon(G, t

1. The mapping t — S(t) (t+— A(t) ), t € SN, is an
embedding of the lattice of supernatural numbers
into the lattice of subgroups in S,

2. 5(t) = A(t) iff2*°|t;
3. 1f2°° 1t then [S(t) : A(t)] = 2;
4. A(t) is a simple group.
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Let G be a group, t € SN. An infinite sequence g1, g, ..., Z:tzzaﬂ‘quz:; o
gi € G is called periodic if there exist number m such Diagonal limits

b — b 9 — — Wreath product repr.
that giygy =gjfori=1,2,....m, I =1,2, ... e
We say that an element [I1; g1, &2, ...] of the wreath
product G ¢ S5(t) is t -periodically defined if the minimal
period of the sequence gi, g, ... divides t.
All t-periodically defined elements of G ¢ S(t) form a
subgroup, which we call the t - wreath product of groups
S(t) and G and denote G i+ S(t).

Th 3 For every supernatural number t € SN we have

Mon(G,t) = G S(t).
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Let t be a fixed supernatural number.

Diagonal limits
Wreath product repr.
For every permutation o € 5(t) there exist a minimal Conjugation in Mon(G, ¢

number k and a permutation o € S(k) such that
a = limd" (o).

If (h, bk, ..., Ix) is the cyclic type of ap, then the vector
st(a) = (h, ..., lq) such that /5 # 0 and
lg+1 = ... = Ix = 0 is called the short cyclic type of a.

Vectors | = (I, ..., 1) and I' = (I, ..., ) are called
t-similar if there exists m such that m|t and either
ml=1 orl=ml.
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Monomial groups
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Diagonal limits

Th 4 The monomial transformations Wreath product repr.
Conjugation in Mon(G, t

[o: 81,8, ...], [T h1, ha,...] € Mon(G, t)

are conjugated iff:

1. st(o) is t-similar to st(T);

m m

2. All products of the type [] gi and [] gi constructed
i=l i=l

for the respective cycles of permutations o and T are

conjugated in G.



Thank you.



	Monomial groups
	Finitary monomial group
	Diagonal limits of monomial groups
	Wreath product representation
	Conjugation in Mon(G,t)

