ZESZYTY NAUKOWE POLITECHNIKI SLASKIEJ 2011
Seria: MATEMATYKA STOSOWANA z. 1 Nr kol. 1854

Roman WITULA, Danuta JAMA, Iwona NOWAK, Pawel OLCZYK

Institute of Mathematics
Silesian University of Technology

VARIATIONS ON SEQUENCES OF
ARITHMETIC AND GEOMETRIC MEANS

Summary. The paper presents a thematic overview and selected results
connected with the asymptotic behavior of sequences of arithmetic and
geometric means of fixed sequences of positive real numbers. A lot of original
results and the independent proofs of known results are presented. Some
rarely cited classical results (including the Kalecki Theorem and the Hurwitz
identity) are recalled and used.
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1. Introduction

Our work, being a review and complementary, concerns a discussion of the
asymptotic dependence for arithmetic and geometric means of fixed sequences of
positive real numbers. In this work we identified some common areas of research. In
the first chapter we present the application in number theory, related to a sequence
of consecutive primes. An important topic here seems to be the almost forgotten
Kalecki’s Theorem, which concerns asymptoticity of certain sums including sums of
positive powers of consecutive primes. In the second chapter we study the sequence
{Gn(a;)/an}, where {ay} is a sequence of positive numbers. We estimate lower and
upper limits of this sequence, we discuss the convergence of this one. In the third
chapter we give asymptoticity of sequences {G,, (In“(i)+¢;)} and {4, (In*(¢)+¢;)},
where o > 0, {e;} C [0,00) is a sequence of disturbances. Finally, in the fourth
chapter we give the Hurwitz identity, which because of its character can be used
to estimate the difference between A, (a;) and G, (a;) for some sequences {a;} of
positive real numbers.

It should be noted that particularly important topics discussed here are works
of Jakimczuk [2-5], who introduced the so-called slow increase functions.

In this paper we assume that A, (a;) (Gn(a;), resp.) denotes the arithmeti-
cal mean (geometrical mean resp.) of the first n-elements of the given sequence
{a;}$2, C [0, 00) for every n € N. The natural logarithm will be denoted by log(-).

2. Sequence of consecutive prime numbers

The result below is known [3], but presented proof seems to be original.

Theorem 1. Let {p;}$2, be the increasing sequence of all prime numbers. Then
we get

1
lim A, (p;) (nlog(n)) ™" = 3
and

' _ 1
Jim G (pi) (nlog(m) ™" = =

Proof. At the beginning we show that the following auxiliary relations are satisfied:

Zilog(i) = %n2 log(n) + O(n?) (1)
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and

N ) 1, n?

Z;zlog log(i) = 3" loglog(n) + O (log(n)) . (2)

For every i € N we get

(i +1)%log(i + 1) — i?log(i) =

1
=i%log (1 - ;) +(2i+ 1) log(i +1) =

= 2ilog(i) + O(3),

thus after adding up sides for i = 2,3,...,n — 1, we obtain
n
n?log(n) = 2 Zilog(i) + O(n?),
i=2
which implies the relation (1).
Now, for every i € N we deduce that
(i +1)*loglog(i + 1) — i* loglog(i) =

log (1+ 1)

=21 1
i log(7)

— 2iloglog(i) + O <1ogi(i)> '

Thus after adding up sides for i = 2,3,...,n — 1, we obtain

n 2
2 . . . n
n’loglog(n) = 2;zlog(z) +0 (m) )
where the relation below was used:
n . 2
> oo = O ioerny )
2 Togfi) ~ \log(m)
which, in turn, easily follows from the identity:
(n+1)2 B n?
log(n +1) log(n)
sl 1, log(l+d)

- log(n+1) log(n+1) " log(n)log(n + 1)

) + (2t +1)loglog(i+ 1) =
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2(n + 1) (1_2( 1 n210g(1+%))

~ log(n +1) n+1)  2(n+1)log(n)

and the fact that if {a,} C R4, {bp} CR,

o0 n n
Z a, =00 and nlLII;o b, =0, then Zbkak =0 <Z ak> .
n=1 k=1 k=1

Now, we are ready to work on direct proof of relation in the conclusion of the
theorem. Using (1), (2) and the following Rosser—Schoenfeld’s inequalities (see [8],
point 5.26 or source work of Rosser and Schoenfeld [14]):

3 1
n (10g(n) + loglog(n) — 5) <pn<n (log(n) + loglog(n) — 5) (3)
which are satisfied for any n € N, n > 20, we obtain
1
An(pi) = inlog(n) + O(nloglog(n))

and in consequence
1
lim A, (p;)(nlog(n))~' = 5

In turn,
) . loglog(i) — a(@
o) = G016 102(0)G, (1 4+ EED )
where a(i) € (f%, f%) for ¢ > 20. Without lost of generality of the discussion, we

3
can assume that a(i) := loglog(i), loglog() := 1 and log(i) := 1 for all ¢ < Le” J
Of course G, (i) = ¥/n!. On the other hand, from the proof of given below Theorem
14 results that

G, (log(i)) =log(n) — 14+ 0O <10g1(n)> .

Finally

- (1oglog(n) Y (loglog(n))) —

log(n)
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Summarizing, we obtain
1 n
Gu(pi) = (5 m) (nlog(n))an

where o, := (1 + O (m)) G, (1 + W) tends to 1 while n tends to

infinity. U

Remark 2. From inequality (3) one can deduces the following relation (see [2,15]):
pp _ n%log"n

An(pd) =~ ~
(") ] P

,  where a>0. (4)

Remark 3. The sequences A, (p$) and G, (p§) are connected with more general

sequences:
An(f(pi)) and  Gn(f(pi)),
where f : (0,00) — (0,00) is nondecreasing function satisfying the condition: for
each u > 0 there exists the limit:
lim f(uz)
a—oo f(z)

As it has been proved by Michal Kalecki [6] (nomen omen one of the most out-

= ¢(u).

standing polish economists — in 1970 he aspired to The Noble Prize in economy),
then there exists s > 0, such that:

P =u and d,(f(00) = 0 ) e @ LA .
A7) = 2D (o). o)

Kalecki Theorem is a significant generalization of early E. Landau’s result and was
directly derived from Hadamard — de la Vallée-Poussin Prime Number Theorem:
m(N) = %(1 + 0(1)), where 7(N) is a number of prime numbers p < N.

Let us notice, that from (5) arises (4) and the first equation of the Theorem 1

Furthermore, if for the function f discussed here we additionally assume that
f(z) > 1 for x >0 and lim In f(z) = oo, then we obtain

Tr—00
fux)

S L) B (O e

In 7(z) I f(2)

and

—
3

InGn(f(pi)) = An(In f(pi)) = (1 + o(1)) In f(pn).
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3. Properties of the sequence {a, 'G,(a;)}

Let us start with the fundamental technical result of this section:

Theorem 4. Let {a,} C Ry be a nondecreasing sequence, lim a, = co.
n—oo

1. Iflimsupn(ant1 — an) < oo, then lim a,'G,(a;) = 1.
n— 00 n—00

n—1 .
2. If limsup <Z =(1— aia;rll)) = +00, then lim a,'Gp(a;) = 0.

n— o0 i=1 n— oo

3. The following general relations hold:
n—1 i
o T < liminfa=? :
exp <hnnl,l£f (; n(l ait10; ))) hnnilorolfan Gn(a;)

and

n—1
limsup a,, 'G,(a;) < exp <lim sup < (aa;l — 1))) .

Proof. We have log(G(a;)) = A, (log(a;)). Next
Zlog(ai) = nlog(ar) + (n — 1)(log(az) — log(a1))+
+(n —2) (log(as) — log(@)) + ...+ (log(an) — log(an_1)) =
— n(log(a1) + (log(az) — log(ar)) + ... + (log(an) ~ log(an-1)) ) -

= i(10(ais) — log(ar)) = nlog(an) — 3 i(los(ais) ~ log(er).

n

(2

Hence by Mean Value Theorem we get

1

An(log(ai)) = log(an) —

%

1

. i(ai+1 - a;),

for some &; € (a;,a;41) for every i =1,....n — 1.
Finally we obtain

a, ' Gn(a;) = a, " exp (A, (log(a;))) = exp <Z ni&(ai - ai+1)> .

All three statements 1-3 of the Theorem 4, could be obtained from above
relation in an elementary discussion. O
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Corollary 5. Let

logM (z) = log(z), x>0,
log™ V) () = log(log™ (z)), n eN.

Then from statement 1 of the Theorem 4 we get

lim (log(k) (n))i1 Gn <1og(k) (z)) =1,

n—oo

for every k € N.
Corollary 6. If we assume a; = 1, then from the statement 3 arises that
(6)

The refining of inequality (6) could be obtained by applying the Stirling’s
formula [13], which is anything unexpected but really robust technical instrument:

n! En\/27m 1+i+ L _13%9 + (7)
’ e 12n  288n2  51840n3 )’

Hence we obtain:
VYn\" 1 1
—_— ~ 32 14—+ —+...
(e n ) m( HETTRIb T )

which implies, the following limits (giving the unexpected relations between num-
bers 7 and e):

n

e

n— 00 2mn

Vnl\\ n
n—00 2mn

We have used here, the auxiliary limit

o B
- ((1+;+x—2+...)”>”eﬁaé

eCE

Tr—00

which holds for any «, 8 € R.
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Romanian mathematician C. Mortici in work [9] has found the following asym-
ptotic relation:

et o 1\ 2"+ n\" "2 11\t
n! ~ v2me 2(n“+n+ = = Vorl = 1+ = +— . (8)
6 e n  6n

which was then generalized by R.B. Paris [11]. Because we have
L o P DY g (14 Lyt

-+ — ex —+=)lo -+ —

n  6n? PI\g ™) n  6n?
1 1 1 1

exp [§+EW+O<F)

T SR S O (S
12n ' 288n% 1036813 nt) )

so from formulae (7) and (8) we get

N e N 1139 1
1m = ex = ex — .
e \V2r\ 2t py L P\ 10368 ~ 51840 P\ 240

Corollary 7. If{a,} C Ry is a nondecreasing sequence which enough fast diverges

Qg

to 0o so that limsup — o

< 1, then as it results from the statement 2, the following
relation holds
lim a,'G,(a;) = 0.

n—oo

It is possible to accept the definitely weaker conditions for the elements a;, i € N,
for example that there exists p € (0,1), such that —2— < 1 —i™P for sufficiently

aq41

large v € N.
The next lemma belongs to so-called mathematical folklore (see [7]):

Lemma 8. Ifa;,b; € Ry, 1 <i < n, then the following inequality exists:

’\L/(a1+b1)(an+bn)> Yai-...-an + V/bi-... by,

Remark 9. The above inequality can be proved by induction in analogical way as

it was done by A. Cauchy for A-G inequality (so-called Cauchy binary induction,

see [12]).

Corollary 10. (see [1]) For any a;, ¢c € Ry, i € N, the following inequality holds
Gr(ai+c¢) = c+ Gnla;)

for every n € N.
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Corollary 11. Let {a;}52, C Ry. If there exist r > 1 such that a; > ", i =
1,2,..., then we have

Gnla;) = (¥ n!)T + Gy (a; —i"),

which implies

Gr(a;) — Gp(a, — i) - ( V n!)’“ by(6)

=
n

Theorem 12. Let {a;} C R, a; > i, &; :== a;—1, i € N. Then the following optimal
inequality is true

() limsup = [An(a:) — Gn(ai)] < o2 + limsup = [An(es) — Gu(er)].

n—oo N € n—o0

Furthermore if lim g;i~1 =0, then lim n~'G,(a;) = e~ L.
n—oo

71— 00
If there exists § € Ry such that e; < §i for all i € N, then

lim inf 1 [An(a;) — Gnla;) — An(e)] >

n—oo n

f(1+5)é.

|~

Proof. We have
n+1

An(a;) = + A, (ei),
then because of Corollary 11 we get
1 n+1 1, 1
= [An(@) = Gal@)] < S5 =~ ¥l = = Ay (e) = Gule0),

for all n € N. The only thing remaining to prove (*) is to notice that by (6) we

have
1 1 -2
lim (n—l— ——\n/n!):e .
n

n—o00 2n 2e

Let us assume now that lim g;i~1 = 0. Then

11— 00

Gn(al) = W [ - n

i=1

(1+ Eii_l)]

Of course we have
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6—2]

and the conclusion arises from (6). Let finally suppose that there exists § € [0,
such that g; < §i7 for all ¢ € N. Then the difference between arithmetic and

geometric means is estimated in the following way:

n

1 n
An(az) - Gn(az) = n; +A lH 1+51 1 ‘| >
i=1

n+1
> 5 +A,L(EZ)— (n—i—Zsz >/

1 1 1
z |z - — Vnl! a n\<i/.
(2 (1+5)n\/n)n+2+A(5)

The final estimation from (6) follows. Additionally for this moment the infor-
mation is the sequence {% ¥nl } is decreasing (the strenthening of the relation (6) —
for the proof see the identity (9) below). O

Remark 13. We note that

e (L)

and (see [12]): .

2n+1°

1\n
(14 )
onr2 ~° ( )<
Hence, we deduce the estimation
1 n 1 1
_ntr <entl <e (1 — + ),

"t/ (n 4 1)! n+1 2(n+1)2

ie.,

1 1 1
"/ (n+1)! 1 nrl T 2(nt1)2 B L= 50

1 I 1 :
n+1 e e(l- g+ o) e+ o)
On the other hand we have

1
nt1 N Hk X (1+ )k+1 eS| y el - e( e )ﬁ
R/ (n+ 1)) [Tier (14 7) " I 7

which implies

ny 1)! 1 1\ 7i7 1 I 1)—1
7m+><_<i)+ <_<H2M)
e

n—+1 e e
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1
if % < log2 since (ZH)™T = exp (%) and 1+ 2z > e* for

e 1
z € (0,log2). At last we get

e+ 1 - 2log(n +1) -1

n+1 e e n—+1

In the above considerations the following known inequalities were applied:

1\" 1 n+1
<1+—) <e<(1+—) , n € N.
n n

4. Logarithmic sequences

The next theorem provides an asymptoticy of a difference
An(log®(i)) — Gn(log®(i)),

where a > 0 and log®(1) := 1. The sequence a; = log®(i), i = 1,2,... is a fun-
damental example of sequence which we meet in practice and for which we have
ysimilar” asymptoticity of sequences A, (a;) and G, (a;). It is possible to gene-
rate this kind of relations also for different so called functions of slow increase
(see [2,4]). After Jakimczuk the function f : [a, 00) — (0, 00) is said to be of slow
increase if the following condition holds:
G

x

=0.

Examples of functions of slow increase are f(z) = logx
log x _

f(x) = log’z, f(x) =
loglogz, f(x) = Tog log and the psi function ¥ (x) 2)

1;’((@) where I'(z) is the

gamma function (see [13]).

Theorem 14. For each a € Ry the following relation holds:

2—a

(An(108°(0)) — G (10g*() ) (tog(m)) " =

= %aQ + %a2(12 —5a)log™ ' (n) + O(log_2(n)). (10)
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Proof. Let a € (1,+00). Then we get (see [10] Th.2.4)

Ay (log®(i)) = % /n log®(z)dx + O (% 1oga(n)) -

= log"(n) — % / log®~Y(z)dz + O (% 1oga(n)) -

e

(after integrating by parts)

=log®(n) — alog® *(n) — a(a — 1) log"(n) —
—a(a—1)(a—2)log* *(n) + O (log" *(n))

and
Gn(log®(i)) = exp (An(log(loga(i)))) =

— exp (% /a log log(z)dz + O (% loglog(n))) -

e

€

= exp (1og(loga(n)) - % /1og*1(x)dx +0 (% log log(n))> =
= log®(n) exp (—alog™"(n) — alog™%(n) — 2alog *(n) + O (log *(n))) =

=log®(n) — alog® *(n) + <%a2 - a> log® 2 (n)+

+ (a2 —2a — éa3) log”~*(n) + O (log* *(n)) .

It results in
An(loga(i)) — Gn(log“(i)) =

1 1
= 5a2 log®?(n) + 6a2(12 —5a)log"*(n) + O (loga74(n)) ,

what implies the expected relation. ]

As a supplement of above theorem, we will present the result concerning the
asymtotic behavior of differences between A-G means disturbed logarithmic sequ-

ences.



Variations on sequences of arithmetic and geometric means 93

Theorem 15. Let {e;}52, C [0,00). If > g;log™ (i) < o0, then
i=2

Ap (log®(i) + &) — Gy (log®(i) + &;) =
= A, (log®(i)) — Gu(log®(i)) + O (n"log(n)) . (11)

Proof. 1t is easy to show that
An (10g%(7) + 1) — G (108°(3) + &) = An(10g"(7)) — G (l0g"(7)) +
+ An(ei) — Gp(log®(i)) - (1 — Gp(1 + & log™ (7))

with
An(g) =0 (n_l log*® (n)) ,

Indeed, if for any M > 0 there exists n € N, such that
o+ ...+ ent1 > Mlog®(n),

which means
n+1 n+1

Z gilog™ (i) = Z g;log”%(n) > M,
i=2 i=2

which implies the contradiction with assumed convergence of the series

>~ e;log™%(4). On the other hand from the proof of Theorem 14 arises
i=2

Gn(log®(i)) = log®(i) + O( log“_l(n)).

It remains to note that

n+1
(14 e;log™ (i) — 1 = =S log(1 +&;log™ () | — 1
0 < Gp(l+e;log(i)) exp(nz og(l+¢;log (z))) <

i=2
1 n+1 1 [e%e)

< exp <ﬁ Z €; loga(i)> —1<exp (E Zsi 10g“(i)> —1=0(n".
i=2 i=2

O

Remark 16. (see [16,17]) If in Theorem 15 we assume weak assumption that

o0 o0
{:}22, C R and that series Y. &;log™ (i), 3. e2log™*(i) are both convergent
i=2 i=2
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with g;log™*(¢) > —1 and log”(i) + &; > 0 for all ¢ € N, then the equation (11)
takes the form:

Ap(log®(i) + ;) — Gn(log®(i) + &) =
= A, (log"(i)) + An(g;) — Gy (log®(i)) + O (n71).

for all n € N. If we omit the last condition then the equation is still satisfied for
every odd positive integer n. Then it should be notice that

1 n+1
Gn (1+e;log™ (i) = exp (ﬁ Z log (1 + &;log™*(i)) ) =
i=2
n+1

=1+ n ; log (14 &;1log™(i)) + O (n71) .

5. The Hurwitz identity

The last result of this paragraph will be preceded by quite extensive introduc-
tion, which goal is to proof some auxiliary identity (identity (12) below) obtained
ones by Adolf Hurwitz. This identity was using by Hurwithz to prove A-G ine-
quality. It can be also applied to the estimation of same asimptotic relations for
interesting for us differences between arithmetical and geometrical means. Let §,,
be a family of all maps f : R® — R. Let > : §, — &, be an linear operator
defined for all functions f € §,, by:

S =Y F@at) To@)s - To(m)

oES,
where S,, denotes the family of all permutations of the set {1,2,...,n}. Now, for
allz; eR,i=1,2,...,n, n € N, let us assume:
1
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Theorem 17. (A. Hurwitz) The following identity holds:
2(71!)(,25(1’1,3;2, R mn) = (7251(1'1; T,... 71'71) +
+ (7252(33173327 SRR mn) +.ot (bnfl(xlax% cee mn) (12)
Proof. Tt is easy to check that
D (@h) = (n—- DN} +af + ...+ a7 (13)
and
Z(I1x2---$n) =nlrizy ... Tp. (14)

It is also true that if p, ¢ € §, and

p(T1,22,. .., 2n) = QTo(1), Ta(2), - -+ > To(n))

for some o € S, and for some x1, xo,...,%, € R, then

Z(p(zlam% B amn)) = Z(q(xlam% s 71.71))

Because of the facts mentioned above and linearity of operator Y we obtain the

following identity:
o1(x1, 22, ..., Tp) = Z (:E’f +xh — z?_le — :Elxg—l) —
=2 Z (z}) —2 Z (:c’f‘lscg) ,
2(x1, 22, .., Tp) =2 Z (27 aa) — 22 (27 %z023)
d3(x1, 22, ..., Tpn) =2 Z (x;l_QﬂCQQL'g) -2 Z (ac’f‘gxgx;gm) ,

d)nfl(zlaz%"'axn) - 22(”*%1'2337171) 722(1’13’22...1’”),

what after adding up both sides gives us

O1(x1, T2, .., Tn) + Pa(T1, 22, .y Tn) oo+ P (T, T2, ) =

:22($?)—22($1I2]]n),

what finally, together with (13) and (14), leads to the expected relation (12).

The identity (12) helps us to prove the following result.

0
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Theorem 18. Let {;}52, C (0,00) and B € (0,0), ait1 = Bay, i € N. Then the
following inequality holds:

An(az) n—1 ni
Golan) = 2n(n 1) ; (15)

Proof. By assumptions we have a; > (37 ‘o, j > i. Hence and from (12) results
that

2(n')(An(Oéz)* Oéz)) >50n71({L/Oé_1, {L/OL_Q,, m)

Gn(
=" (Was/aa ... fom- (/o1 — faa)?) =

=

(a2
(T (D)
>2Gn(ai)(—n'+n—2 %Zn— )

which implies the inequality (15). O

Remark 19. If o417 = Ba;, 1 <i < n, where n € N is fixed then from the above
proof the following relation follows:

ot (YT, a3, -, Yfam) ~
~ G(ai)(=2(n)) + (n — 2)! %Z )(WJr

so the inequality (15) can be improved.
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Omowienie

W artykule przedstawiono przeglad tematyczny oraz wybrane wyniki dotycza-

ce asymptotycznych zachowan ciagdéw Srednich arytmetycznych i geometrycznych

danych ciagéw liczb dodatnich. W drugim rozdziale przedstawiono asymptotyke

ciagow Srednich arytmetycznych i geometrycznych ciagu kolejnych liczb pierw-

szych. Wyniki te czesciowo uogélniono, stosujac rzadko cytowane twierdzenie Ka-

leckiego. W rozdziale trzecim wyznaczono oszacowania granic dolnej i gérnej ciagu
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{a,;'G,(a;)}. Badana jest tez asymptotyka pewnych ciagéw szczegélnych zwlasz-
cza { ¥/n!/n}, gdzie wykorzystano m.in. wzér Stirlinga i przede wszystkim ostatnie
wyniki Morticiego i Parisa. W rozdziale czwartym badana jest asymptotyka cia-
géw $rednich arytmetycznych i geometrycznych poteg logarytmoéw kolejnych liczb
naturalnych oraz zaburzen takich ciagéw. Wreszcie w ostatnim rozdziale przy-
pomniano tozsamos¢é Hurwitza i zaproponowano jej wykorzystanie przy badaniu
asymptotyki ilorazu A, (a;)/Gn(a;).



