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Summary. The paper presents a method to transform two weakly re-
gular systems to one regular system. Additionally, it is proved that there is
no linear change of variables reducing the extension of a dynamical system
to a conjugate system where the number of normal variables is three.

PEWNE KONSTRUKCJE LINIOWYCH ROZSZERZEN
UKLADOW DYNAMICZNYCH

Streszczenie. W artykule przedstawiono metode doprowadzenia dwoch
uktadéw stabo regularnych do jednego uktadu regularnego. Dodatkowo po-
kazano, ze niemozliwe jest doprowadzenie liniowego rozszerzenia uktadu dy-
namicznego do uktadu sprzezonego, w przypadku gdy liczba zmiennych nor-
malnych wynosi trzy.
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1. Introduction

Consider the system of differential equations

W o),
" (1)
T AWz,

where t € R, ¢ € R™, z € R", w(®) = (f1(¥),..., fm(¥)) is a vector function
defined for all v € R™, satisfying locally the Lipschitz condition

lw(¥) — w @) < Ll —3ll,

where the constant L depends on the area in which there are points of 4, 1. In
addition, we assume that the function w(v)) satisfies the inequality

lw@)] < ar[[¢] + e,

for all ¥» € R™ with some non-negative constants ay, as. The space of such func-
tions will be denoted by Cr;,(R™).
Assumptions made allow to conclude that the Cauchy problem

dy
E - w(w)a

¢|t:0: Yo,

has a unique solution 1 = ¥(¢; ) for each fixed g € R™, defined for all ¢t € R.
A(%) is square n x n dimensional matrix, elements of which are scalar real
functions, defined, continuous and bounded on R™.
In what follows we will use the following notation:

e C°(R™) means the space of real functions, continuous and bounded on R™,

o <ac, E) =

NE!

x;7; means the scalar product in R”,

j=1
e |[z| = {/(x, ) means the norm of z € R",
o [[A[l = max [ Az,

llzll=1

[Allo = sup [[A()],
PER™
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o O (1) is a fundamental matrix of a linear system of equations
dx
— = A(Y(t;vo)) =, (2)
dt
normed at the t = 7, ie., Q’;(wo)‘tZT: I,,, where I,, is n x n dimensional
unit matrix,

e C'(R™,w) denotes the subspace of C°(R™) consisting of all functions F(v)),
such that the function F(t(t,v)) is continuously differentiable function of
t € R, where

F) = —F@t)| , F()eC'R™).

In order to simplify the notation, subscript zero at g in the solution of the
Cauchy problem 1 = 1(t; 1) will be omitted.
Together with the system (1) we consider heterogeneous system of equations

e
e (3)
5 = AWz +hy),

where h(y) € C°(R™).

Definition 1. We say that system (3) has a bounded invariant manifold, defined
by equality
z = u(Y), (4)

if the function u(v) € C'(R™,w) and satisfies the identity
u(y) = A()u(¥) +h(y) VY €R™. (5)

Definition 2. Let C(y)) € C°(R™) be n x n-dimensional matriz, such that the
function Go(1,v) of the form

L ()CW(rsv)), r <0,
Go(r, ) = (6)
QW) [CW(rv) — L], 7>0,

satisfied the estimation
||GO(Taw)H < K67V|T|7 (7)
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where K and v are certain positive constants. Then the function defined by (6)
is said to be the Green function of problem of bounded invariant manifold of the
system (1).

The existence of the Green function (6) implies that the system (3) has a

bounded invariant manifold (4) for each fixed function h(¢)) € C°(R™), which can
be written in the integral form

r=uw) = [ " Gl ) h(ab(r)) dr. ®)

To see this, write down the composition

(v ) = [ " Golr (1) (s (55 ) dr =

:[ Gt + 7, 0) h((t + 7)) dr = /fo Gu(r, ) h(w(r; ) dr,
where
QL(P)C(Y(T;9)), T <t
Gt(Ta T/)) = (9)
QL) [Crv) ~ L], 7>t
We obtain

t

w(ib(t; ) = / QL () C (73 9)) h(sb(rs ) dr +

s n
+/t Qi(w)[cw(r;w))—ln h(y(r;9)) dr.

In this way, the function = u(¢(¢,)) is a bounded solution for the heterogeneous
system of equations

d
= = AW E)T + h((tv)),
which implies the identity (5).

Remark 3. Because the structure of the Green function (6) is not included the
function h(y)) € CY(R™), the existence of such a function depends only on the
system (1).

Remark 4. The estimation (7) is equivalent to the inequality

1G1(0, )| < Ke (10)
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for auxiliary function

Q) C (), t>0,
G(0,¢) = (11)
QW) [Cw) - L], t<o.

Remark 5. If the system (1) has the Green function (6), the heterogeneous system

dz

o = AW )z + A1), (12)
has the solution bounded on the axis R for any fixed function h(t) continuous
(continuous on intervals) and bounded on R. The solution z = z(t,%) can be

written in the integral form
+oo
otiv) = [ Gilrw)hr)dr
—o0

Remark 6. The function (9) is the Green function of problem of bounded solu-
tions of % = A(Y(t, 9))z, for each fixed value of ¢p € R™.

Corollary 7. If the homogeneous linear system (12) for some fized value of ¢ €
R™ and for certain function h(t) continuous and bounded on R has not bounded
solution, then the system (1) has no the Green function (6).

Definition 8. The system of equations (1) is called regular, if there exists a Green
function (6). Only that there exists for at least one Green function, then the system
(1) is called weakly regular. If there are infinitly many Green functions for the
system (1), then the system is called strictly weakly regular.

Alike issues were already brought up in researches [1-5].

2. The constructions of regular linear extensions of
dynamical system

Consider two systems of differential equations

C;—Qf = w1 (¥),
i (13)
= Al(w)xa

==
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@ _

= w (1/1),
5; : (14)
E = A2(¢)$a

where z € R", ¥ € R™, w;(¢) € CL;ip(R™), A;(¢) € CO(R™).

Theorem 9. If the systems (13) and (14) are weakly regular, then the system

% = wl(wl);
% = W2(1/)2),
% = [A2(v2) + 3(A1(¢1) + AT (¢1)) — L)1+
+ [A (¥1) + A1 (¢r)]22, (15)
U2 _ - Aa(a) + 3(Ar(60) — AT (1)) + Lo — AF (),
% = [Aa (o) + L (AT (1) — A1 (41)) + Ln]w1—
— [A1 (1) + AL ()]s — AT (1)

where z; € R", 1; € R™, w;(¢;) € CLip(R™), A;(1;) € CO(R™), is regular, i.e.,
has exactly one 3n x 3n dimensional Green function Go(T,¥;,1)2).
The derivative of a quadratic form

Vp = p*{{z1, x2) + (21, 73) + (22, 73)} +
+ p(S2(Y2)xa, x2) + (S1(¥1)xs3, 23) (16)
with respect to system (15) for sufficiently large values of p > 1 is positive definite.
Proof. Because of the weak regularity of systems (13) and (14) there exist sym-
metric matrices S;(v) € C'(R™,w), i = 1,2, satisfying the inequality
(1$:0) - Si)AT (%) — 4i(W)S: )]z, 7) > |l2], (17)

where S; (1)) may be degenerate matrix (see [6]).
Let

Vo = p*{(@1, m2) + (w1, 23) + (w2, 23)} + p(Sa(v2)xa, x2) + (S1(v1)ws, T3)

be a quadratic form with a parameter p > 0.
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We will prove that the derivative of this form with respect to the solutions
of the system (15) for sufficiently large values of the parameter p > 0, is positive
definite.

Let us denote

v = <:L'1, :EQ>+<:E1, 1’3>+<£L’2, 13> (18)

Calculating the derivative of the form v with respect to system (15) we get
0= 2<I:L'1, :L'1>.
Assuming
w = p<52(w2)z2, 1’2> + <Sl(1/}1)1'3, 1’3>, (19)
the derivative of this form with respect to solutions of the system (15) is equal to
w=p {<S2302, x2) — (S2ATwo, o) — (A2S2ms, 302)} +
+ 2p<52[7A2 + %(Al — AT 4 Iy, x2> + (Sias, v3) — (S1A] 23, 23) —
—{(A1Siz5, ) +2(Si[ A0 + %(A{ A+ T, @)~ 2(Si A1 + Ao, o).
Let
Ky = |1So1-4s + 5 (41— A7)+ ]l
Ko = 18142 + 54T — 40) + 1o,
K = [|S1[A1 + AF]llo-

Using the inequality (17), we have
w > pllza|® + lles)|* — 2pKl|zs [[[lo2]l — 2Kz [l 2s]| — 23|23

Since Vp = p20 + b, then the formula at estimate is true

Vo > 2p% |l + pllwz|® + l|2s]® — 2pEy |1 [||2]) —
= 2Koln[[[ls]| — 2K3[[z2[l[lzs]. - (20)

Consider the right handside of inequality (20) as a quadratic form ® in three
variables tq, s, t3:

(I)(tl, to, t3) = 2p2t§ —l—pt% + t% — 2pKqtito — 2Kotits — 2K3tots,
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the matrix of this form is as follows
2p*  —pKi —Kj
T=|-pK: D —K3
—-Ky —Kj 1
It is obvious that for sufficiently large values of the parameter p > 0 matrix T is
positive definite, and thus the derivative of a quadratic form V}, with respect to
solutions of the system (15) is positive definite for sufficiently large values of the
parameter p > 0.
Now we will prove that the quadratic form (16) is positive definite for p > 0.
Write down the matrix of the quadratic form (16), we have
0 ip?l,  3p*I,
Sp = %pQIn pS2(1)2) %pQIn . (21)
P, 1p?L, Si(yr)

Sp matrix can be written in the following form

Sp = p°J +pSa(th2) + S1(¢),

where

o &

0 I,
L, I
Si(1) = diag(0,0, S1(¢1)),
SQ (T/)2) = diag(ov So (T/)2)7 0)
We will prove that the matrix SZQ, for sufficiently large values of the parameter p
is positive definite.
Since Sy = p*J? +p*(JS2(2) + S2(¥2)J) +p* (JS1 (1) + 55 (¥2) + S1(¢1)J) +
S2(1)1), then assuming u = [uy,us2, us), u; € R™, we obtain
<Sf,u, u> = p4<J2u, u> +p3<[J5'2(w2) + Sa(2)Ju, u>+
+ P ([JS1 (1) + S5 () + Sa (1), u) + (ST )u, u).

Let us estimate each component of <Sf,u, u>, SO

(P, w3 7 (s + 22+ 2l |2 + lall? + lzs]?) > gl
([J82(¢2) + S2(¥2) JJu, w) > —Mo||ul?,
([JS1(¢1) + S3(2) + S1(vh1)Ju, u) > —M;|lull?,
(82w, w) > ~Moul®,
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where M; = const > 0 for ¢ = 0,1,2. We, therefore, get estimate
1
(S2u, u) > (Zp4 — p* My — p* My — Mp)||ul?.

We can stand up that for sufficiently large values of the parameter p > 0 matrix
SZQ, is positive definite, and hence det Sg # 0, so det S, # 0 for all 91,12 € R™,
We have proved that the quadratic form (16) has positive definite derivative
with respect to system (15) and matrix S, of this form is non-degenerate for
sufficiently large values of the parameter p > 0, so the system (15) is regular, i.e.,

has exactly one Green function Go(r, 1, 12). O

Example. For two weakly regular systems

dyp

d
g—f:sinw, P ER, _tzl’ P eR,
d—f =3(cos)x, z=€R, d—f = —(tghy)z, z€eR,
we will show that the system
d
% = sin ’lpl,
dpy
oz _ 4
dt ’
d’Il
e [—1+4 3costn — tgho)zr + [3costhy — tghihs]za, (22)
dx
d—t2 = [1 + tgh]ay + [tghebo]as,
dl‘3
— = (L —tghtaler — [3cosyn — tghypolws —[3 coslas,

is regular.
Consider the quadratic form

V, = p2(ac1x2 + x123 + T2w3) + px% tgh o — acg cos Y

and assume that
V1 = 2122 + T1T3 + T2I3.

Then the derivative of v; with respect to solutions of the system (22) is equal to
’l'Jl = QI%.
Similarly, calculating the derivative

Vo = x% tgh e
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with respect to the system (22), we obtain

by = 3 + 2(tgh o)z {[1 + tgh¢holzr + [tgho]za} =

ctgh®

——— +2(tghv2)? | 23 + 2tgh o (1 + tgh o)z 20 >
ctgh” o

> x5 — Alai |2
And finally, calculating the derivative of the form
v3 = (— cos )z
with respect to the system (22), we have

b3 = a3 sin® ¢y — 223{[1 — tgheo]a1 — [3costhy — tgh ooy — [Bcosthr]as} =

= :cg(sin2 1 + 6 cos? 1) — 2[1 — tgh o]z s + 2[3 costhy — tghihs]roxs >
> x§ — 4|x1||zs| — 8|z2||x3].

Finally, the derivative of the quadratic form V,, with respect to the system (22)
satisfies the inequality

Vp > 2p%af + pay — Aplas|Jwa| + 3 — 4lan [|as| — 8|xa||as].

Consider the right handside of the above inequality as a quadratic form ® in three
variables tq, s, t3:

D(ty,ta,t3) = 2p°t3 + pta — dptity + 12 — dt1ts3 — Stots.
The matrix of this form is the following

22 —2p -2
T=|-2p p —4
-2 -4 1

The matrix T is positive definite for p > 20, hence the system (22) is regular for
p > 20.
In the case of two weakly regular systems

dyp
E - W(U’)a

d
d—f = A(P)z, i=1,2
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where x € R", 1) € R™, w(v) € CLip(R™), A;(1) € C°(R™) we define the matrix

A+ 3(A + AT -1, AT+ 4 0
P(y)= | -4z + §(A1 — AT) + I, ~A% 0 |,
Az +5(AT = A+ 1, —[Ar+A]] —A]
such that the system

dip
E - W(T/))v
‘ (23)
d—f =P(p)z,  xeR,

is regular.
By the linear change of variable

r =Lz,

where L is any non-degenerate matrix, we obtain the system of the form

d
L =),

k (24)
© _LPW)Lz, 2R

The question is whether or not there is a matrix L which satisfies equality
L7'P(Y)L = —PT (),

i.e., whether or not it is possible to perform a change of variables in (23) such that

the system obtained is conjugated with respect to variable x.
Negative response to that question gives the following theorem.

Theorem 10. There is no non-degenerate matriz for the system (23) lead to

a conjugated system with respect to variables x, i.e., the system

d
L =),

dy (25)
o = Py, yeRr™

Proof. Consider the quadratic form

V = (z1, 22) + (w1, 3) + (32, 23).
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By the linear change of variables

Tl = 21+ 22 — z3,
To = 21 — 22 — 23,

€T3 = 23,

we obtain
V= llal® = llz2l* — =)
Thus the number of positive eigenvalues of the matrix of the quadratic form V

is not equal to the number of negative eigenvalues, so the matrix L must be
degenerate. O
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Omoéwienie
Artykul dotyczy zagadnienia istnienia ograniczonych inwariantnych rozmaito-
$ci dla uktadéw dynamicznych. Przedstawiono w niej problem regularnosci linio-

wych rozszerzen uktadéw dynamicznych, a wiec badanie istnienia funkcji Greena
dla uktadéw réwnan rézniczkowych o postaci:

dp
E - W(¢)7

dx
T AWz,
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gdzie t € R, ¢p € R™, © € R", A(¢) jest macierza kwadratowa, ktérej elemen-
tami sa funkcje rzeczywiste, ciagle i ograniczone na R™. Dodatkowo, dla funkcji
wektorowej w(v) = (f1(¥), ..., fm(¥)) zakladamy spelnienie warunkéw zapewnia-
jacych, ze zadanie Cauchy’ego:

dp
E _w(w)a
w|t=0: Yo

ma jedyne rozwiazanie 1 = 1(t; 1o) dla wszystkich 1y € R™, okredlone dla ¢t € R.

W artykule podano metode doprowadzenia dwéch uktadéw stabo regularnych,
tj. majacych przynajmniej jedna funkcje Greena, do jednego ukladu regularnego.
Dodatkowo pokazano, ze w przypadku, kiedy = € R3” niemozliwe jest doprowa-
dzenie uktadu o postaci:

dy _

T = w(®),

dx _p R
i W)z, Te

do uktadu sprzezonego wzgledem zmiennej x, tzn. uktadu:

@ _,
dt






