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Infinite matrices : definition

M(∞,K ) - N× N matrices over K :


a11 a12 a13 · · ·
a21 a22 a23 · · ·
a31 a32 a33 · · ·

...
...

...
. . .
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Actions

+ is well defined

· is not well defined
1 1 1 · · ·
0 0 0 · · ·
0 0 0 · · ·
...

...
...

. . .

 ·


1 0 0 · · ·
1 0 0 · · ·
1 0 0 · · ·
...

...
...

. . .

 =??

C = AB

if infinite sum
∞∑
k=1

aikbkj contains finite number of nonzero

elements, then this sum is noted as cij
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Rings of matrices

T (∞,K ) describes a ring of infinite upper triangular matrices with
unity.
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Beginner definitions
A results - left ideals
A results - right ideals
A results - ideals

Notations

Let I ⊂ T (∞,K ) and A ∈ T (∞,K ) then:

I is left sided ideal (left ideal) if AI ⊆ I for all A

I is right sided ideal (right ideal) if IA ⊆ I for all A

I is both sided ideal (ideal) if is simultaneously left and right
ideal
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Beginner definitions
A results - left ideals
A results - right ideals
A results - ideals

Zero pattern

Notations

Zero pattern (in matrices) means set of matrices such that for
fixed set of pairs coefficients (i , j) we have ∀(i ,j)aij = 0 for all
matrices A.

Ai∗ notes i-th row matrix A, and A∗j - j-th column.
Ai∗ = a describes that every element from i-th row is equal a, the
same is for columns.
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Beginner definitions
A results - left ideals
A results - right ideals
A results - ideals

Left ideals

If matrices A and B generate the same left ideal then they have:

the same zero columns

∀ i ∈ N : A∗i = 0⇔ B∗i = 0

the same ”belt diagonals” that means main diagonal and
some upper diagonals contain only zeros

∃ k ∈ N ∀ i ∈ N j ∈ {i , i + 1, . . . , i + k} : Aij = 0⇔ Bij = 0

the same set of minimal sets of linear depended nonzero
columns

the same zero elements on the main diagonal

∀ i ∈ N : Ai ,i = 0⇔ Bi ,i = 0
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Left ideals

If matrices A and B generate the same left ideal then they have
the same zero columns

∀ i ∈ N : A∗i = 0⇔ B∗i = 0

The reverse implication is false. For counterexample consider

matrices:


0 0 0 . . .
0 0 0 . . .
0 0 0 . . .
...

...
. . . . . .

 and


∗ 0 0 . . .
0 0 0 . . .
0 0 0 . . .
...

...
. . . . . .
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Left ideals

Matrices A and B generate the same left ideal iff they
simultaneously have:

the same zero columns

∀ i ∈ N : A∗i = 0⇔ B∗i = 0

the same ”belt diagonals” that means main diagonal and
some upper diagonals contain only zeros

∃ k ∈ N ∀ i ∈ N j ∈ {i , i + 1, . . . , i + k} : Aij = 0⇔ Bij = 0

the same set of minimal sets of linear depended nonzero
columns
the same zero elements on the main diagonal

∀ i ∈ N : Ai ,i = 0⇔ Bi ,i = 0
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Right ideals

If matrices A and B generate the same right ideal then they have:

the same zero rows

∀ i ∈ N : Ai∗ = 0⇔ Bi∗ = 0

the same beginning zero columns

∃ k ∈ N ∀ i ¬ k : A∗i = 0⇔ B∗i = 0

the same ”belt diagonals” that means main diagonal and
some upper diagonals contain only zeros

∃ k ∈ N ∀ i ∈ N j ∈ {i , i + 1, . . . , i + k} : Aij = 0⇔ Bij = 0

the same set of minimal sets of linear depended nonzero rows
the same zero elements on the main diagonal

∀ i ∈ N : Ai ,i = 0⇔ Bi ,i = 0
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Thank you for attention.
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